Exact propagators and first-passage generating functions on a 1D

ring

with one directed long-range link:
(A) lazy-reservoir shortcut  vs  (B) nearest-neighbour rewiring shortcut

Giuggioli-Bristol notation: B (ring), A (defect), X = B — A, defect parameters n

Overview

We derive, in full detail:

the defect-free generating function (Green’s function) Qn,(n,z) for a lazy nearest-
neighbour random walk on a finite ring of size IV;

the exact defective generating function Sno(n, z) after introducing a single directed long-
range link using two constructions:

(A) Lazy-reservoir shortcut: the shortcut probability is taken from the self-loop at
the source node;
(B) Nearest-neighbour rewiring: the shortcut probability is taken from an existing

nearest-neighbour jump at the source node.

two complementary derivations for S: (i) a low-rank (Sherman-Morrison) resolvent up-
date; (ii) the Giuggioli defect-technique determinant formula (scalar for (A), explicit 2 x 2
for (B));

the first-passage generating function ﬁ’no%n(z) = Sno (n,2)/Sn(n, z), including a fully
explicit Chebyshev closed form for construction (A);

a detailed comparison of the two constructions and their relation to Watts—Strogatz small-
world rewiring.

numerical validation against direct matrix inversion (double precision).

Throughout we use the Giuggioli-Bristol defect-technique notation (B, A, X, n), and we keep
all intermediate steps, including the explicit £ = 0 cancellation in the Chebyshev identity step.

1 Notation and model

1.1

Ring, indexing, and transition matrices

We consider a discrete-time random walk on a 1D ring (cycle) of size N with periodic boundary
conditions (PBC). Sites are labeled n € {0,1,..., N —1} and all indices are understood modulo

N.

We use the column-stochastic convention

Pr(Xi1 =n| Xy =n") = By (defect-free ring),
Pr(Xi1=n| Xy =n') = Ap,  (with defect).
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Thus P(t + 1) = B P(t) for the defect-free process, and ) By, = > . A, = 1 for each
column n'.
The defect matrix is
X

B - A.

In the Supplement notation, each defect pair (u;,v;) carries two parameters 7, ,, and 7y, u;,
which correspond to the off-diagonal entries of X:

Nuw = Xv,u = Bv,u - Av,u» Mou = Xu,v = Bu,v - Au,v~

1.2 Baseline (defect-free) lazy nearest-neighbour ring

Let g € (0,1) be the total nearest-neighbour jump probability (nearest-neighbour range k = 1).
Then the defect-free transition matrix B is

Bn,n =1~ q, Bn:l:l,n - %, Bmm = 0 otherwise.

In words: at each step, with probability ¢ the walker moves to one of the two neighbours
(left /right with probability ¢/2 each), and with probability 1 — ¢ the walker stays in place
(self-loop / sojourn).

1.3 Propagators and generating functions (Green’s functions)
e Defect-free propagator: Qp,(n,t) = Pr(X; =n | Xo = ng) under B.
e Defective propagator: Sp,(n,t) = Pr(X; =n| Xo = np) under A.

e Generating function (discrete-time z-transform): f(z) = 302, f(t) z*.

We write Qp,(n, z) = Y150 @no(n,t) 2* and Sy (n, 2) similarly.
Matrix-wise,

Gp(z)=(I—2B)' =) 2'B',  Gu(z)=I—-24)"'=) A,
t=0 t=0

and therefore

Qno(naz> = [QB(Z)]TL;TLO’ Sno(nv Z) = [QA(Z)]TLJIO'

1.4 Ring distance and Chebyshev polynomials
For any two sites a, b define the minimal ring distance

d(a,b) = min(ja—b], N — |a —b|) € {0,1,..., Lﬁj }

Chebyshev polynomials of the first and second kind are

sin((n + 1) arccos x)

Tn(z) = cos(n arccos ), Un(z) = sin(arccos 7)



2 Part I — Defect-free propagator Qno(n, z) in Chebyshev form

2.1 Step 1: z-transform of the master equation (fully explicit)

The defect-free master equation is
q q
Qno(n,t+1) = 3 Qno(n—1,t) + 5 Qno(n+1,t) + (1 — q) Qny(n,t), (1)

with initial condition Qp,(n,0) = n no and PBC.
Multiply both sides of (1) by z* and sum ¢t = 0 to co:

[\ \

oo
ZQnOnt—l—l qz (n—1,t)2" —I—qZQnon—l—lt)z+1—q ZQnont
t=0

t=0 t=0

The sums on the right are the generating functions:
oo _ oo N
Z Qno (TL +1, t)zt - Qno (n +1, Z), Z Qno (TL, t)zt - Qno (na Z)'
t=0 t=0

For the left-hand side we use the time-shift identity:

ZQnOnt—i-l ZQnont—i-l t+l — ZQnons

- ; (Z Qno(n? S)ZS - Qno(n>0)> =
5=0

Substituting into the summed master equation yields

IS

(Qno (n,z) — (5n,n0> .

~(@non.2) = Be) = 3 Qg0 = 1,2) + 2 Qug 04 1,2) + (1 = ) Quy (. 2).

Multiplying by 2z and rearranging gives the Helmholtz-type equation

~ qz ( ~ ~
[1 =201 = 0] Quo(n.2) = % (Qualn = 1.2) + Quy(n +1,2) ) = b1 @)
2.2 Step 2: discrete Fourier representation on the ring
Let ok
i
= — =0,1,...,N —1.
Hk‘ N’ k 07 ) )

The eigenvalues of the ring transition matrix B are
A =1—q+ qcosb.

Therefore the generating function (Green’s function) is

et k(n—mno) 1 N-1 z@k(n—no)

N—
1
0 — 3
Qno(n:2) = N,; —2hN N 2= T—z[l—g+qcosty]’ (3)

By translational invariance, Qno (n, z) depends only on d = d(n,ng).



2.3 Step 3: rewrite the sum in the form required by Identity E3

Introduce the spectral parameter
1—2(1-
o(z) = M

qz
Then

1 —2[1 — g+ qcosb] = qz(c(z) — cosby).
Insert this into and use the ring symmetry (pair k with N — k) to write the numerator as a
cosine:

d = d(n,ngp). (5)

2.4 Step 4: apply Identity E3 and show the k£ = 0 cancellation explicitly
Identity E3 (periodic case, Appendix E in the 2020 reference) states that for m € {0,1,..., N},

Nz_l cos(Zmmk) _ 1 LN TN-—m(0) + T (o) (6)
i o— COS(%) l1-0o (62 —=1)Un_1(0)
Align the cosine. Using 6y, 27rk , we write

cos(dfy) = cos <d2;[k> - COS<WN:‘M) .

Thus we apply @ with

m=d, o=o0(z),
which yields for the partial sum k=1,..., N — 1:
Nz_:l cos(dby) _ 1 LN Tn-d(0(2)) + Ta(o(2)) (7)
= o(z) —costy  1-0(2) (0(2)? = 1) Un-1(c(2))

Restore the £ =0 term. We now write the full sum from as

N-1 N-1

Z cos(dfy) cos(0) n Z cos(dby)
— o(z) —cosOp  o(z) — cos(0) — o(z) —cos 01
k =0 term
Since cos(0) = 1, the missing k = 0 term equals 1/(o(z) — 1). Using (7)),
Nz:l cos(dbp) 1 N 1 LN Tn-d(o(2)) + Ta(o(2)) 8)
2oz —cosli o)1 1=0(2) " @2 - Di-a(o(2))’
The first two terms cancel explicitly:
U SRS SRR S
o(z)—1 1—o0(2) o(z)—1 o(z)—1
Therefore the full sum becomes
Nzl cos(dfr) N Tn-d(o(2)) + Ta(o(2)) (9)
— o(z) — cos by (0(2)2 —1)Un-1(c(2))"
Substitute @D back into to obtain the closed form:
5 Ta(o(2)) + Tn-a(o(2))
no(M, 2) = , d=d(n,ng). 10
Q 0( ) qz (0’(2’)2 _ 1) UNfl(O'(Z)) ( 0) ( )




2.5 0Odd vs even N (explicit)
Let d = d(n,ng) € {0,1,...,|[N/2]}.
o If N is odd, holds as written for all d.

e If N is even and d = N/2 (antipodes), then N — d = d and the numerator becomes
2Tns2(0(2)):
2Tny2(0(2))
gz (0(2)? = 1) Un-1(c(2))

Qno(n,2) ’d:N/Z =

3 Part IT — One directed shortcut: two constructions and their

exact S

3.1 A unifying algebraic view: “probability-mass transfer” in one column

Both constructions we consider are local modifications of a single column of B: we pick a source
node u, and move probability mass p from some old destination b to a new destination a. At
the level of transition matrices this is

A=B+p(a)— b)) (ul | (11)

Here |a) denotes the basis vector at site a.

Validity constraints. The only constraint is that the modified transition probabilities remain
nonnegative. If b is the self-loop (b = u), then p < B, ,, = 1 —¢. If b is a nearest neighbour
(b=wu=1), then p < Byt1.4 =q/2.

3.2 Sherman—Morrison derivation of the resolvent update (all steps)

Define the defect-free and defective resolvents
Gp(x) = (L—2B)™,  Galz) = (L—24)7"

Using , we write

with
M=I-:B, w=zpla)-p), v =ul.

We now invert M — uv '

exactly.

Claim (Sherman—Morrison for a rank-1 update). If M is invertible and 1 —v " M~ tu #
0, then

M—IUUTM—I

M—wp ) =M =
M =M T

(12)

Verification. Let R denote the right-hand side of (I2). Compute (M — uv")R:

M v M
M—-—uv )R=(M—-—uv WM '+ (M-—uv')—— —
M—-—uv' )R=(M —uv' )M (M —uv') Y=
7 Tarl o uv' M1 uv' My M1
=1—-wuv —
- 1-v M 'u 1-v My



Factor wv ' M ! in the last two terms:

uv M1

W [1 — (’UTM_IU)] = 'U:'UTM_l.
—v M U

Thus the last two terms together equal +uw " M ™1, which cancels the —uv " M ~! term. There-
fore (M —uv )R = I, proving (12).

Apply to the random walk. Since M~! = (I —2B)~! = Gz(2), gives

zpGp(2) (la) — b)) (ul Gp(2)

Guz) =Gp(2) + : 13
A = Gl G(2) () — ) "
Take the matrix element (n,n) to obtain the defective propagator generating function:
Snaln, 2) = Quoln, z) 4 2122 = Qol1 2N Dn (1:2) (1)
1 —2p [Qa(u, 2) — Qu(u, 2)]

This formula is ezact and will be specialised to the two constructions below.

3.3 Construction (A): shortcut probability taken from the self-loop (lazy
reservoir)

Definition of the defect. We add a directed shortcut u© — v of probability p by taking p

from the self-loop at wu:

q
Av,u = Bv,u +p=0p, Au,u = Bu,u —p= (1 - Q) - D, Au:l:l,u = Bu:l:l,u = 5

This is with

a=wv, b= u, 0<p<1l—q.

Exact propagator (rank-1 form). Specialising to (a =v,b =u) gives

zp [Qv(nv 2) — Qu(nv Z)] Qno (u> Z) )

SA) n,z) = ~n0 n,z = A
no ( ) Q ( ) + 1— Zp [Qv(u7z) — Qu(u7 Z)]

(15)

Using translational invariance on the ring, Q. (y, z) = Q(d(x,y), ), this can be written entirely
in terms of distances:

S(A) (n7 Z) _ Q(d(n, n0)7 Z) __cp [@(d(na u)a Z)~_ Q(d(nvf))’ z ] Q(d(uv nO)a Z) ) (16)

14+ 2p[Q(0,2) — Q(d(u,v), z)]

Defect-technique encoding (one defect pair). In terms of X = B — A, the only nonzero
off-diagonal entry is
Xv,u = —-D,

so the Supplement defect parameter is
Tuw = Xv,u = —p, T = O,

and the diagonal change X, , = +p is implied by column-stochasticity.



Recovering (A) from the defect-technique determinant formula (M =1). Although
(A) is already solved by the rank-1 update —, it is useful to connect to the Giuggioli
defect-technique formula (especially since (B) will naturally appear as “multiple defects”). For
M defect pairs (u;, v;), the defect-technique result is

For a single defect pair (u,v) we have M = 1 and the determinants reduce to scalars. With the
standard definitions

(17)

AetH(2)] = H() = iy Qucsy(:2) = o Qs (0:2) = (15)

det[ﬂ(nv no; Z)] = H(n’ no; Z) = H(Z) - C~g(u—v) (na Z) [nu,v C?no (uv Z) — M Qno (U7 Z)] ) (19)

where Q(U,v) (x,2) = Qu(z, z) — Qv(:c, z), and inserting 7y, = —p, M.y = 0 gives

det[H(2)] = —% ~p(Q(0.2) ~ Qd(u,v), ). (20)

det[H (n, no; 2)] = det[H (2)] + p(Q(d(n, w), 2) — Q(d(n,v), z)) O(d(u,ng), 2).  (21)
Substituting . . ) into ([17)) reproduces exactly .

3.4 Construction (B): rewiring probability from a nearest-neighbour jump
to the shortcut

Definition of the defect. Choose one nearest neighbour of u as the old destination w; for
definiteness on the ring we can take w = u+1 (the “clockwise” neighbour). We create a directed
shortcut u — v of probability p by reducing the probability of the jump v — w by p:

Av,u = Bv,u +p=p,

Aw,u:Bw,u_p:%_py
Auu = Buu=1-g¢,
Au-1u=Bu_1u= %
This is with
a=wv, b=w=u+1, nggg

(The case p = ¢/2 corresponds to a full rewiring of the entire clockwise edge probability onto
the shortcut.)

Exact propagator (rank-1 form). Specialising to (a =v,b =w) gives

B (1,2) = Gyl ) + 2 1Qeln:2) = Q)] Dulre2) (22)

1 - 2p[Qu(u, 2) = Quu, 2)]

In distance form (using d(u,w) = 1 on the ring):

2p[Qd(n,v), 2) — Q(d(n, w), 2)]

SB)(n, 2) = O(d(n,ng), 2 )
Sho) (n,2) = Q(d(n,no), 2) + 1— 2p[Q(d(u,v), 2) — Q

\_/




3.5 How construction (B) appears as “multiple defects” in the 7-pair for-
malism (explicit 2 X 2 determinant)

Although is rank-1 at the matrix level, in the Supplement pair notation it is convenient to
represent (B) as the superposition of two defect pairs, because the self-loop at u is unchanged
and must emerge as a cancellation.

Two defect pairs. Write (B) as “add p to u — v and subtract p from the self-loop” (pair
1) plus “subtract p from v — w and add p to the self-loop” (pair 2). This corresponds to two
pairs:

(ulvvl) = (uvv)a (u271}2) = (uvw)v

with defect parameters
Nuror = N = =05 Nuzws = Nuw = TPy Topur = Mo =05 Mgy = Nwu = 0
Indeed, this yields off-diagonal changes
Xow =Mup = =P Xwu = Nuw = +0,
and diagonal change X, ,, = — (N0 + Nuw) = 0 (s0 Ay .y = Byw), as required.
Build H(z) explicitly. For M = 2 defect pairs, the Supplement defines H(z) by
H(2)ij = N Q(uy—v;) (Wir 2) = Nogus Quj—vy) (Vi 2) — 5Zj7
Q(uy—vy)(®,2) = Qu (w,2) — Qu; (, 2).

Here 1y, v, = 0, and u; = ug = u, so

Q(u—v)(u7 z) = Qu(ua z) — Qv(uv z) = Q(Ov z) — Q(d(ua v),2),

Q(u—w)(uv z) = Qu(u, 2) — Qu(u, 2) = Q(Ov z) — Q(d(u>w)a z) = Q(Oa z) — Q(lv z).

Therefore

_1 _p(Q(O, z) — Q(d(u,v), Z)) _p(Q(Ov Z) - Q(l’ Z>)
Hz)=| * 1

—I—p(Q(O, Z) - @(d(uv 'U)’Z)) _; +p(@(0,2) - Q(laz))

Its determinant is computed step-by-step:

det[H(2)] = Zi +21Q10) = Qu) - (Q(0) - Q)]
= ;12 + g(@l - qu)

where Quy = Q(d(u,v),z) and Q1 = Q(1, 2). The p? terms cancel exactly. Thus

detlH(2)] = 5 [1+2(Q(1,2) - Qla(u,),2)| = 5 [1- =p(Qu )] |  21)

z




Build H(n,ng;z) and its determinant. The Supplement defines

H(n, no; Z)i,j = H(Z)i,j - Q(Uj—vj)(n> Z) nui,vz'@no (uiv Z) - nvi,uiéno (Uia Z)] :

Since 7y, .4; = 0 and u; = u for both i, the bracket reduces to 7, v;Qn, (1, 2). Define

Quny(2) = Qno(u, z),
Ay(n) = Qu—v)(n, 2) = Qu(n, z) — Qu(n, 2),
Ap(n) = Quow) (1, 2) = Qu(n, z) — Qu(n, 2).
Then

e Ve s O R S P

<H11 —I—pA Qung(z) Hyo +pAw(n) Qun()(z))
and a direct expansion gives (keeping every term)

det[H (n, no; 2)] = det[H (2)] + gQunO(z) (Aw(n) — Ay(n)).

Finally note that Ay, (n) — Ay(n) = Qu(n, 2) — Quw(n, 2), so

det[H(n,ng; z)] = %{1 — zp(@uv — QQ} + g@no(u,z) (Qv(n, z) — Qu(n, z))

Recover S(®) from the determinant formula. The defect technique gives

N - det[H (n, no; 2)]
Sa(1,2) = Qno(n:2) =1+ —3 oo

Substituting (24)—(25) yields

det[H (n, ng; z)] _2p Qno (u, z) (Qv(n, z) — Qw(n, z))
det[H (2)] 1 — 2p(Quo — Q1)

which reproduces exactly ([22)).
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4 Chebyshev packaging for the defective propagators

Define
o=o0(z2), C(2) = qz(0® — 1)Un_1(0), Na(o) = Ta(o) + Ty—alo),
so that is
Qd.z) = ’gd((‘;)

Then every term in and is explicit in T, Un_1.

For example, in construction (B) the denominator becomes

2 (N (0) = Mi(0) )

1— Zp(Q(d(u,’U), Z) — Q(lvz)) =1- @

and similarly for the numerator differences.

(25)



5 Part III — First-passage generating function

For either construction, the first-passage generating function to site n starting from ng is

(26)

5.1 Construction (A): explicit form

Insert (16) for the numerator and the same formula with ng = n for the denominator:

8 (n,2)

EWA. () =2 :
SV (n, 2)

no—n

All occurrences of @ are given explicitly by (I0).

Chebyshev closed form (construction (A)). Starting from with (16)), define the two
recurring blocks

Dg(z) =1+ zp(Q(O, z) — @(d(u, v), z)), Ap(z) = Q(d(n, u), z) — Q(d(n,v), z). (27)

Multiplying numerator and denominator by Dg(z) yields the equivalent form without nested
fractions:

F(A) (Z) _ Q(d(;n’ nO)) Z) DQ(Z) —cp An(%) Q(d(u’ nO)? Z) ] (28)

no—n Q(O, z) DQ(Z) — Zp An(z) Q(d(uv n)’ Z)

Now substitute the Chebyshev packaging from (10)):

Q) =D ) = gx (oGP - Do), Nalo) = Talo) + Tia(o),

and introduce the compact factor

D(z) = C(2) + 2p(No(0(2)) = N (0(2))), (29)

so that Dg(z) = D(z)/C(z). Cancelling the common C(z)~2 factor gives the fully explicit closed
form

PN ()= Ninne) (0(2)) D(2) — 2p (Nd(n,u) (0(2)) — Nd(w)(a(z))> Niuno)(0(2))
No(o(2)) D(2) — zp (Nd(n,u) (0(2)) — Nd(m)(a(z))) Nowm(@()

no—n

(30)

Here Ny(0) = To(o) + Tn (o) = 1+ Tn (o).

5.2 Construction (B): explicit form

Insert (23) for the numerator and the same formula with ng = n for the denominator:

&(B
F(B) (Z) _ 57(740)(”’ Z) )

Again, all terms reduce to Chebyshev polynomials via .
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6 Part IV — Detailed comparison and relation to Watts—
Strogatz SWN rewiring

6.1 Mechanistic comparison: where does the shortcut probability come
from?

(A) Lazy-reservoir shortcut (self-loop transfer).

e Probability mass is taken from the self-loop at the source: u — wu decreases, u — v
increases.

e Constraint: 0 <p<1-—gq.

e Nearest-neighbour probabilities © — u + 1 remain exactly ¢/2, so the local diffusive step
statistics are unchanged.

e In the n-pair formalism this is one defect pair: M = 1.

(B) Nearest-neighbour rewiring shortcut (edge-to-edge transfer).

e Probability mass is taken from an existing jump v — w (with w = u+ 1 or v — 1) and
moved to u — v.

e Constraint: 0 < p < ¢/2 for partial rewiring of a single neighbour edge; the full rewiring
limit is p = ¢/2.

e The self-loop probability at u remains 1— g, but the local jump kernel at u becomes biased
if only one neighbour is rewired.

e In the n-pair formalism it is naturally represented by two defect pairs (u,v) and (u,w)
with opposite signs, so M = 2, even though the net matrix update is still rank-1.

6.2 Relation to Watts—Strogatz SWN

In a classical Watts—Strogatz small-world network (SWN), one rewires edges of an underlying
ring lattice. If the random walk chooses uniformly among neighbours, then the transition
probabilities are proportional to 1/x, (node degree). A single rewiring event changes the degree
of (at least) the target node and the removed node, hence all outgoing transition probabilities
from those nodes must be renormalised, producing multiple nonzero entries in X = B — A
and thus multiple defects in the determinant formalism. In contrast, constructions (A) and (B)
above operate at the level of transition probabilities directly: they move a prescribed probability
mass p within one column, so they remain low-rank and analytically tractable.

6.3 Consistency checks
e p =0 in either construction gives A = B and S = Q.

e In (A), the maximal shortcut is p = 1 — ¢ (all sojourn probability at u is converted into
shortcut jumps).

e In (B), the full rewiring of the clockwise edge corresponds to p = ¢/2 (the entire v — w
probability is redirected to u — v).
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Numerical validation (double precision)

We validated , , and against direct matrix computation of the resolvent for con-
struction (A) (lazy-reservoir shortcut). For each parameter set (N,q,p,u,v,z) we built the
column-stochastic transition matrices B (ring) and A (directed shortcut), and computed

Gp(z)=(L—-2B)"",  Ga(z)=(L—=4)".

The ground-truth generating functions are Qno (n,z) = [GB(2)]nn, and Sno (n,z) = [Ga(2)]nne-
For first passage we used Fyy—n(2) = [GA(2)]nne/IGA(2)|nn for ng # n. We report the maxi-
mum absolute error over all indices:

maX‘AQ , max‘AS!, maX}AF‘.

n,no n,no no;én
N q p u v z max|AQ| max|AS| max|AF)|

9 0.6 02 1 4 0.3 2.22e-16 4.44e-16 5.55e-17

10 07 01 2 7 0.5 4.44e-16 2.22e-16 5.55e-17
12 0.5 03 0 6 0.6 4.44e-16 4.44e-16 8.33e-17
15 08 005 3 4 04 22216 4.44e-16 1.11e-16
20 04 02 5 13 0.75 1.33e-15 1.33e-15 1.67e-16

In a sweep of 200 random cases (N < 40, seed = 0, ¢ € [0.2,0.9], z € [0.2,0.85], p € [0,1—¢]),
we found

max |AQ| =3.11 x 1071, max|AS| =3.11 x 10715, max|AF|=4.44 x 10716,

These residuals are consistent with floating-point round-off and the conditioning of matrix
inversion as z — 17.
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