Exact Generating Functions and First-Passage Statistics on a 1D
Ring
with One Directed Shortcut (defect technique; nearest-neighbour

k =1; K =2 defect sites)
Notation: (B, A, X,n)

Notation and model

Ring lattice. We consider a discrete-time random walk on a 1D ring (cycle) of size N with
periodic boundary conditions (PBC). Sites are labeled n € {0,1,..., N — 1} and all indices are
understood modulo N.

Transition matrices and convention. We use the convention

Pr(Xiey1=n| X, =n") =B, (defect-free ring),
Pr(Xep1=n| X, =n')= A, (with defect).

Thus, the master equation is P(n,t+ 1) =), B, ,wP(n’,t) for the defect-free process. Both
B and A are column-stochastic: >, By, =, App = 1.

Baseline (defect-free) lazy random walk. Let ¢ € (0,1) be the total nearest-neighbour
(k = 1) jump probability. Then

Byn=1-g¢q, Byt1p = %, B, n = 0 otherwise.

Remark on the notation k£ vs K. This document considers the nearest-neighbour ring
(jumps only to n £ 1, i.e. k = 1). The symbol K = 2 is used here only to count the two defect
sites at the shortcut endpoints (u, v); it should not be confused with the connectivity parameter
K = 2k used in other ring-lattice/small-world models.

Single directed shortcut. We add one directed (unidirectional) shortcut from a site u to a
site v. Its probability is denoted p and is taken from the lazy weight at u. Concretely, only the
outgoing probabilities from u are changed:

q

Au,u =1—-q—np, Auil,u = §a Av,u = Bv,u + o, An,u = Bn,u otherwise,

and for all n' # u we keep A,, v = B,, ». The constraint is
0<p<l—gq

so that A, , > 0.



Defect matrix and defect parameters. We encode the modifications by the (sparse) defect
matrix

In the defect-technique formulas of the Supplement, the defect parameters associated with a
pair (u;,v;) are written 1, ,, and 7, ., and correspond to the off-diagonal entries of X:

Nuw = Xv,u = Bv,u - Av,w Mou = Xu,v = Bu,v - Au,v~

For a single directed shortcut u — v of probability p (built from the lazy weight at u) we have

Nuow = —D, Nu = 07

while the corresponding diagonal change at u is implied by probability conservation: X, , =
Bu,u - Au,u =P = "Nuw-

Propagators and generating functions.
e Defect-free (ring) propagator: Qn,(n,t) = Pr(X; =n | Xo = ng) under B.
e Defective (network) propagator: Sy, (n,t) = Pr(X; =n | Xo = ng) under A.
o z-transform: f(2) = 300, f(t) 2

We denote Qp,(n,2) = 50 Qno(n,t)2" and similarly Sy (1, 2).

Ring distance. For any two sites a, b define

d(a,b) =min(ja —bl, N ~[a~b]) € {0.1,.... LEJ L

Chebyshev polynomials. We use

sin((n + 1) arccos z)

Tn(z) = cos(narccosz), Un(z) = sin(arccos )

1 Part 1 — Homogeneous (defect-free) propagator @, (n,z) on
the ring
1.1 Generating function on a finite ring

The defect-free master equation is
q q

with Qp,(n,0) = 6y, and PBC.
Taking the z-transform of proceeds as follows. Multiply both sides of by 2! and sum
from ¢ = 0 to oo:

ZQnOnt—i—l qi (n—1,t)z qi o(n+1,1)2" + (1 —q) ZQnont)
t=0 t=0

t=0 t=0

l\’J\
l\D\

The three sums on the right are just the generating functions:

Z Qno(n + 17t)zt = Qno(n +1, Z), ZQno(nat)zt = Qno(na Z)



For the time-shifted left-hand side we use the identity

ZQnont—l-l ZQnont+1 t+1 _ ZQnonS

t=0
% (Z Qno n, 3 2% — Qno(n 0)) i (Qn()(na Z) - 5n,n0> ,

s=0

where we used Qp,(n,0) = 0y, pn,. Substituting these into the summed master equation yields

1/~ ~ -
2 (Qno(n; z) — 5n,n0) = %Qno(n —~1, z) + g Qno(n+1,2)
+ (1 - q) Qno(n’ Z)’
Qno(n, 2) = Onny = %(Qno(n —1,2)+ Qno(n +1, z)) +2(1—q) Qno(n, 2),
[1 =20~ 9] Quo(n2) = T (Quon = 1,2) + Guy(n +1,2))
= On.ng-

Thus we obtain the Helmholtz-type equation

~ qz ~ ~
(1= 21 = )] Qn (1. 2) = T Qo (0 = 1,2) + Qg (1 +1,2) ) = Sy (2)
Diagonalize on the ring by discrete Fourier modes. Let
27k
9kEW7 kZO,]., ,N—l

The eigenvalues of B are
A =1—q—+ gcosby.

Hence the Green’s function (generating function of the propagator) is

et k(n—mno) 1 N-1 z@k(n—no)

MZ

1
Qnonz =N

— 1—2h k:() 1—2[1—q+qcosby]

By translational invariance, Qno (n, z) depends only on d = d(n,nyg).

1.2 Preparing the sum for the Chebyshev identity

Introduce the spectral parameter

_1-2(1-9)
o(z) = s . (4)
Then
1—2[1— g+ qcosby] = qz(o(z) — cosby).

Insert this into and use symmetry of the ring to write the numerator as a cosine:

11

Qno(” z) = ; N

cos(d Hk)

5 (z) — cos O d = d(n,no). (5)

OMT



1.3 Applying Identity E3 (Appendix E, 2020 paper) with the £ = 0 term
shown explicitly

Identity E3 for the periodic case reads (for m € {0,1,...,N})

N-1
cos(%mk) 1 TN-m(0) + Tm(0)
2 o) T P Do) )

We now apply @ to the sum in . First, we use 0 = % to align the cosine:

cos(d 6,) = cos <d2]7\r[k> = cos(zﬂ(mN:d)k> .

Thus we set

m=d, o=o0(z)
in @, which gives an expression for the partial sum k=1,..., N — 1:
Nl cos(dfy) 1 LN Tn—a(0(2)) + Ta(o(2)) (7)
£~ o(z) — cos 0 1—o0(2) (0(2)? = 1) Un-1(c(2))
Next, we restore the missing £ = 0 term in the full sum of :
Nz:l cos(dfy) cos(0) n Nz:l cos(dby)
— o(z) —cosp  o(z) — cos(0) — o(z) —cos Ok
— , k=
k =0 term
Since cos(0) = 1, the & = 0 term is
cos(0) B 1
o(z) —cos(0) o(z)—1
Using ([7]), we obtain
T cos(doy) L Thealo() + Talo(2)) (8)
— o(z) —cosby o(z)—1 1—o0(2) (0(2)2 = 1)Un-1(c(2))"
The first two terms cancel exactly:
(N SRR SRR SR
o(z)—=1 1—o0(2) o(2)=1 oz)—1
Therefore the full sum becomes
Nz:l cos(dby) _N Tn-d(0(2)) + Ta(o(2)) (9)
prt o(z) — cos by (0(2)2 = 1) Un-1(c(2))"
Finally, substitute @ back into to obtain
. Ta(o(2)) + Tn-a(o(2))
Qn,(n,2) = , d=d(n,ng). 10
0( ) qz (0’(2’)2 )UN—1(0<2)) ( 0) ( )

1.4 Odd vs even N (explicit)
Let d = d(n,ng) € {0,1,...,[N/2]}.



N odd: N=2M +1. Thend € {0,1,...,M} and N —d # d unless d = 0. Equation (10))
holds as written.

N even: N = 2M. Then d € {0,1,...,M}. For d < M, holds as written. For the
antipodal case d = M = N/2, the two Chebyshev terms coincide. Indeed, the numerator in
is Ta(o(z)) + Tn—da(c(2)), and for even N with d = N/2 we have N — d = d, hence

N-d=d = Tio(2)+Tn-alo(2)) = Tn2(0(2)) + Ty2(0(2)) = 2T 2(0(2))-

Therefore,
~ B 2Tny2(0(2))
Dl Dacns = L 0GP - Dty o)
2 Part 2 — Heterogeneous propagator S, (n,z) (one directed
shortcut)

2.1 Defect-technique formula (matrix form)

For M (inert, probability-preserving) defect pairs (u;, v;) with defect parameters 7, »,, and 7y, 4,
the generating function of the heterogeneous propagator is

~ det[H (n,ng; 2)]

Sino (1, 2) = Qg (n, 2) — 1 11

A(1,2) = Quyfn =) 1+ S (1)
The M x M matrices H(z) and H(n,ng;z) are defined componentwise by
. . 5

H(z)i,j = T Q(uj—vj)(uiv z) — i ui Q(u]-—vj)(via z) — 7J7 (12)

H(TL, 105 Z)iJ = H(Z)Z}j - Q(uj—vj)(n’ Z) [Uui,vi Qno (uiv Z) = Mog,uy Qno (Ui’ Z) ) (13)

with the difference notation
Q(ujfvj)(xvz) = QUJ- (.%’,Z) - ij (l’, Z)'
2.2 Single directed shortcut (nearest-neighbour k¥ = 1; K = 2 defect sites;
M =1 defect pair)

A single directed shortcut involves exactly two special sites, v and v (hence K = 2 defect sites;
this K counts only the endpoints), but it corresponds to one defect pair in the formalism:
M =1 with (u1,v1) = (u,v).

For a directed shortcut u — v of probability p taken from the lazy weight at u, the only
nonzero off-diagonal defect parameter is

Nuow = Xv,u = Bv,u - Av,u = —-D, Nu = 0.

Since M = 1, determinants reduce to scalars: det[H] = H.

2.3 Explicit scalar determinants
Using f with M =1 gives

det[H(2)] = H(z) = Tu,v Q(ufv) (u,2) = Mo Q(ufv) (v,2) — }7 (14)

z

det[H (n,ng; z)] = H(n,ng; z) = H(z) — Q(u_v) (n,z) [nuﬂ, Qo (Uy 2) = Ty Qg (v, z)] (15)



On the homogeneous ring, Qu(b,z) depends only on d(a,b). In particular, letting dy, =
d(u,v):

Q(ufv) (u,2) = Qu(uvz) = Qu(u,2) = Q(O, z) — Q(dum z),
and

Q(ufv) (na Z) - Qu<nﬂ Z) - Qv(n’ Z) = Q(d(nv u)? Z) - Q(d(n7 ’U), Z)'

Also QTLO (uv Z) = Q(d(ua ’/L()), Z)‘
With 7y, = —p and 7, = 0, f become

det[H(2)] = —+ — p(Q0,2) = Qs 2)).|  (16)

z

det[H (n,ng; z)] = det[H(2)] —i—p(@(d(n,u),z) — Q(d(n,v), z)) Q(d(u,ng), 2). (17)

2.4 Closed form for S,,(n, z)
Insert (16)—(17) into (11)):

. - det[H (n, no; 2)]
Sno(1:2) = Qno (0, 2) =1+ —3 o

. p(Qd(n,u), 2) = Q(d(n, v), )) Qd(u,no), 2)
Gl T () '

Since det[H (z)] = —(1/2)[1 + 2p(Q(0, 2) — Q(duv, 2))], we obtain the explicit rational form

Sno (0, 2) = Q(d(n, no), 2)

Zp
1+ zp((g(o,z) - Q(d(u,v),z)) (18)

X (Q(d(n, w), 2) — Qd(n,v), z)) O(d(u, no), 2).

2.5 Determinants in Chebyshev form

Define, for compactness,
o=o0(2), C(2) = qz(0® — 1)Un_1(0), Na(o) = Ta(o) + Tn—alo).

Then (10)) reads
5 _ Na(o)
Q(d7 Z) - :

Let dgp = d(a,b). Using f we obtain

det[H(z)] = —% - %(No(a) — Ny, (G)>

= P (14 T (0) ~ T (0) ~ Ti—ana(0)). "
2 C2) w "
and
det|H(n,10; 2)] = det{H(2)] + 55 (N (0) = N () N () (20)




3 Part 3 — First-passage time (FPT) generating function

The FPT generating function from ng to n is

~ ~ Sne(n, 2)
Frosn(z) = 7&1(”, D (21)
Using both in the numerator and with ng = n in the denominator yields
i 2p(Q(d(n,u),2) = Q(d(n,v), 2)) Qd(u,no0), 2)
Q(d(n7 no),z) - ~ ~
i 1+2p(Q0,2) — Q(d(u,v), =)
Fryon(2) = (22)

5(0,2) - zp(@(d(n, u), z) — Q(d(n,v), z)) Q(d(u,n), z)
’ 1+2p(Q(0,2) - Qd(u,v), 2))

3.1 Algebraic simplification and Chebyshev closed form

Starting from the nested-fraction form (22)), define the two recurring algebraic blocks
Dg(2) =1+ 2p(Q(0,2) — Q(d(u,v),2)),  An(2) = Q(d(n,u),2) — Q(d(n,v),2).  (23)

Step 1: remove nested fractions. Multiply the numerator and denominator of by
Dg(z) to obtain the equivalent form without nested fractions:

Qld(n,m0), 2) Da(2) = 2p An(2) Qld(u,no), )
Q(0,2) Da(z) — 2p An(2) QU ), 2)

Fno%n(z) = (24)

Step 2: substitute the Chebyshev packaging for Q(d, z). Using o(z) from and the
Chebyshev form , define

Qa.) =MD ) = a0 - Dty alo(a)), Nilo) = Tilo) + T-alo).
Then

Ny (0(2)) = Nyino (0(2 C(2) + 2p(WNo(0(2)) — Nypuo (o(z
A (z) = Nt (o )2:(2) wn@E) B p(No (C()Z)) au)(7(2)))

It is convenient to introduce the u—v dependent factor
D(2) = C(2) + 2p(No(0(2)) = Nauw) (0(2))), (25)

so that Dg(z) = D(z)/C(z).

Step 3: cancel common factors and obtain the closed form. Substituting the above
expressions into shows that both the numerator and denominator carry the same factor
C(2)72, which cancels. The result is the fully explicit closed form

Nitnn) (@(2)) D(2) = 20 (N (0(2)) = Nt (7(2)) ) N (0(2))
No(e(2)) D(2) = 20 (N, (7(2)) = Nan) (0(2))) Ny (0(2))

Here Ny(o) = To(o) + Tn (o) = 1+ Ty (o).

an—ﬂL(Z = (26)




Remark (antipodal distance for even N). If N is even and some distance equals d = N/2,
then Ny /o(0) = 2Ty/2(0), and the above formulas simplify accordingly.

Numerical validation (double precision)

We validated , , and against direct matrix computation of the resolvent. For each
parameter set (N, q,p,u,v,z) we built the column-stochastic transition matrices B (ring) and
A (directed shortcut), and computed

Gp(z)=(L—-2B)"",  Ga(z) = (L-=4)".

The ground-truth generating functions are Qno (1, 2) = [GB(2)]nno and Spy (1, 2) = [G 4 (2)]nne-
For first passage we used Fyy—n(2) = [GA(2)]nne/[GA(2)]nn for ng # n. We report the maxi-
mum absolute error over all indices:

maX‘AQ , max‘ASL maX}AF‘.

7,10 n,no no#En
N ¢ p ou v z max|AQ| max|AS| max|AF]

9 0.6 02 1 4 0.3 2.22e-16 4.44e-16 5.5be-17

10 0.7 0.1 2 7 0.5 4.44e-16 2.22e-16 5.5be-17
12 0.5 03 0 6 0.6 4.44e-16 4.44e-16 8.33e-17
15 08 005 3 4 0.4 2.22e-16 4.44e-16 1.11e-16
20 04 02 5 13 0.75 1.33e-15 1.33e-15 1.67e-16

In a sweep of 200 random cases (N < 40, seed = 0, ¢ € [0.2,0.9], z € [0.2,0.85], p € [0,1—¢]),
we found

max |AQ| =3.11 x 1071, max|AS| =3.11 x 10715, max|AF| =4.44 x 10716

These residuals are consistent with floating-point round-off and the conditioning of matrix
inversion as z — 17.
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