2D BUH PR B3 ] BB E 5 5 R
C1 $5z: Sparse Exact / Dense Recursion / AW (Cauchy-FFT) / Giuggioli Defect-Reduced
AW [ Zett i e

valley-k-small: reports/2d_two_target_double_peak

2026-02-10

BmE
AR AEE X 2d_two_target_double_peak [ C1 [l'E, ARG T REUE T IEAE R — iR
ORI BCRAE M (1) BTEE sparse exact B3, (2) E3X transient fE[FH) dense
recursion. (3) Luca/Giuggioli ELFEFEM ZE (Method C). (4) £2 AW /Cauchy-FFT
&i# (Method CO, XJB8). (5) &EFHiEix (MFPT/splitting). 5% o8 404 21 sparse
5 dense fENLESRSEE N —3; AW 5 defect-reduced AW &[5 —HH A% NS exact EfG—3; {H
MFPT X< R R, BRI BEAE, St fikmiald.
1 [OBESRYEE
1.1 B#r

FLEG DA = AR -

1. FPT %K : A REMERG IR E DI S5 Hy 5607 ;

2. MFPT f2f@ff: 2@ 2ali Bsm;

3. HHERE: AR Y wall-clock Ao

1.2 H—FREE (C1)
o WIMg: N =31, VUihfht:
o Efilizsh: ¢=02 (#3h), 1-¢=08 ({FH);
o JEEmE: 0= 0.2, M stay MEERAHHIBOFIIRELTT A
e 5 ng = (14,14) (0-based);
o HbR: my = (21,14), mg = (6,6) (0-based);

ERFE BBt tmax = 6000, 4 ILEI(E S(t) < 10719;

o AW %i[1: tAW =800, oversample=2, r powl0 = 8.0, X m = 2048,

max



2 B—HFER (FmRE)

2 FZ—HFESE (FHEE)
2.1 UL D /RA] RS R
FRAS S transient 82 T SIS A = {m1,ma}, RIS

P = (Q R>, RZ[?‘l 7’2].
0 I

Hrp Q e RITXITI 7y ry € RITI, AT NATIAE o (one-hot) .

2.2 FPT. survival. MFPT B%—25
FESL up = Qb (55 t BABAE transient 2SR50 ),
fit)=aQ ", folt) = aQ " ra, fany(t) = fi(t) + fa(t).
S(t) =Pr(T > t) = ul = aQ"1.
BSRU A  :
fany(t) = S(t—1) = S(t),  E[T]=>_ 5.

t>0

XYL MEPT WHC RIS, 2 Ja Samiin 2= IR A .
3 HEFESHIE
3.1 FiE A: Sparse exact BIEIEK (HRTEMARE)
TR S ) ERas e (A BN B BB A B AR HER) -
L AEARAS A RIHEE— PR
2. BEHUASEIEAE ma, mo IIMER TR, 153 f1(2), f2();
3. K ma, mo (EMERIE RS ARSAETE
4. 15 fany(t) = f1(t) + f2(t) 5 S(D)-
HHCFEN AR up (OB HE -
up=u1Q,  fi(t) = w17
GHOAAFR (Fg) 08, FLRNE OE) (B NARSIERBED, EIH
O(tmaxE),  HWAFO(N).

OTIERIRG S FPT sk, BUESIR E R (H MFPT @iz B o alb i



3 BRFELHRAE

3.2 7Fik B: Dense recursion (transient FZF[g])

W E PR, i

QeRTXITI vy ry e RITI 4g = a,

SR IR
U = ut—lQ’ fz(t) = Ut—1T4, fany(t) = fl (t) + f2(t)'
CHTIE A BEFEN BBUESI R RFA dense Qo 45 ny = [T, BB R-HMRDE O(n7),

JEL T ]
O(tmaxn%)a V\]ﬁ@(n%)

R EEE SN ESIERL, A KIS RNE.

3.3 Fit C: Luca/Giuggioli BLFafEME (B3£I)
X4 AT H LB Luca JiEECH AL
FI C1: BEfaSfE. 1 transient H5 i,

M
Q:Q0+Zéeeueez—e :Q0+UAVT’

e=1

Hof Qo R ITAEELIG, M 2 defect pair (. A = diag(dy, .., ox).
$IE C2: F Woodbury RIkEMEEEF. MEL 2, BEL

PO(2) = (1 — 2Q0) "
Rm%%ﬁg%)ﬁ%/ﬁ\ S = {Samlam2} 5 T = {mlamQ}’ ﬁ

1
Psr(z) = Pg’T(Z) + ZPS(),U(Z) A[IM — zP&U(z) A] P&T(z).

XFEEA 21 B FESRBEM nr x np 28l M x M,
HB C3: P B#R renewal A&, hsCIEMEHNHEEL R,

Ps m, (2) _ Py my (2) sz,ml(z) Fi(2)
Py m, (2) Py mas (2) Py ms (2)] [Fa(2)
FIVEEA 2 RFEFEM— 2 x 2 248 F(2) = G(2)71b(2).
$ I C4: Cauchy-FFT [z i& [E i
1 m—1 '
fi(t) = rt. - Z Fi(Zk)efﬂﬂ-kt/m.
k=0

A 2K
(’)(m [Chase(nT) + M3] + mlog m),

Hrt Chase(nr) RENE Green WEFTFE T R_ERSRIEIFH. AWH O C1 _ESCRIFHEMEZ T .



4 BRAEEER (—0v42) 4

3.4 7Fik C0: £ AW / Cauchy-FFT (XfREEZ)
VESURTIR, full AW EHa A
fi(z) = za(I = 2Q)7'r,
B 2 FTE—IRGERE ny x np BEERMRE, BERE
O(mni +mlogm),  WFO(n7 +m).

AAR A full AW {5 UL ¢ < 800 Hif i) Bf b T

3.5 Fik D: %1t7A#E (MFPT / splitting)

PORFET AR RS0 -
I-Qm=1,  (I-Q)u=ri
e R e

MFPT = m(no), pi=wui(no), p1+p2=1
#iKF dense direct solve, —IRRMFESACMZY
O(ny),  WHFEO(nT).

AUATHIEA, AR R IOA O(B), RREURSATEANE s 2T B R R

4 BREZER (—0OR)

Jiik INFRIE 2 (F 300 WAFE 2%
Sparse exact jH O(tmaxE) O(N)
Dense recursion (Q)  O(tmaxn?) O(n2.)

Luca/Giuggioli fi O(m[Crase(nr) + M3 +mlogm)  O(M? +nr) 5| O(n?)
Feal#f (Method C)

oy O(mn3 +mlogm) (dense solve)  O(n% +m)

AW /Cauchy-FFT

(Method CO0)

LMt TT R O(n3.) (dense solve) O(n2)

(MFPT /splitting)

1 BAREMTHEE. f559: N= BIREE, E= GR0H%EG ne = |T|, m= RERER, M= ft
FALET o
4.1 & ClIZEMERKA
AR S SEBR A
N =312=961, nr =959, FE~4681, m = 2048.

ST B F -



5 M ZER

o Sparse exact AN tmax X 4.7 x 103 ZePEEK;
e Dense recursion i tpax X 9.2 x 10° g6,
o 4h AW (Method CO) 52 m RSEHES KTLNERME, AL i T RIS
o C1 [y defect Hit (ASZEL) N
Mpairs = 632, Mnodes = 326,  Miocal-bias-sites = 317;
o 1% pair 4B (M = 632) i, KFZIEIEL
(np/M)? = (959/632) ~ 3.5
(7 FH 2.81 455, W2y (959/632)%8! ~ 3.2x);

o LMITREE AT R RGORMA, B/ A0 MFPT /splitting” I ki 5

4.2 SXMEHREICSHIXIR

R AR , XS AR U g N9 X ROR A2 R (ORI R R ),
M N2 defect F£/n FHIBRFGZEE . Sarvaharman—Giuggioli (Phys. Rev. Research 5, 013118, Sec.
V) G AR BREEARLN O(MANY), FHERIERLS O(N24); [HBABR 2I# R H
SRR MRS R S K 2.373d. —LE[HSCR LAY 2.81 /2 Strassen MARFEEURIL. K1 2.81 vs

2.373" 2 Fok BRI RBR LB, AN T B4 7 I8 -

5 SKMEZR

Ly

5.1 i&{THtE]

Jrik SEFH (s)
Sparse exact 1% 0.0561
Dense recursion (Q) 0.0919

Luca/Giuggioli f[¢iF%F (Method C) 78.0223
4 AW /Cauchy Jzi#E (Method CO) 47.2622
Mt (MFPT /splitting) 0.0213

2% 2: Cl H5z FRZEJIER wall-clock X

5.2 SfirE (KA sparse exact HE )

X I LY iR L 3%

Dense vs Sparse (F:[F25K) 9.212 x 10715 1.924 x 10718
Luca-defect (C) vs Sparse (1..t2W) 9912 x 10719 1.426 x 10~12

max

Full AW (C0) vs Sparse (1..tAW) 0.912 x 10710 1.426 x 1012

max

3. ATEMXT I dense &5 sparse FEMLATGE LN —E0 PSR AR H g B 2R AE 6] Tl AR =k o
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5.3 XKEFIT=

ik mass_ any tail MFPT (&l /#5H4) peakl peak2
Sparse exact (¢ < 6000) 0.850786  0.149214 1583.479 35 284
Sparse exact (¢ < 800) 0.297030  0.702970 111.653 35 284
Dense recursion (¢ < 6000) 0.850786  0.149214 1583.479 35 284
Luca defect-reduced (¢ < 800) 0.297030  0.702970 111.653 35 284
Full AW inversion (¢ < 800) 0.297030  0.702970 111.653 35 284
TR (R 1.000000  0.000000 3011.214 - -

% 4: Luca-defect 5 Full AW {755 “Sparse exact (t < 800) 7 —Z, 1B AE [k 5 AT 4o

5.4 Defect #I#E5LNRM (C1)

o ZRAECHLHY defect A : local-bias sites = 317, defect pairs = 632, defect nodes = 326,

o SYZEEE: Luca-defect (Method C) FHHf 78.0s, &2 Full AW X2k (Method CO0) [Y 47.3s.
o JAKE: fE3Z defect FUIT, SKRAFAZIZBIILCaS AL DAIHEIC Green BRECRAE S A ML RCH44

o Jazn: 2 defect SCHEHME (M < np) Bt—2 545 defect ZEFZMT, [ 2 5 AT E H B

BEREF:

5.5 MFPT 8ifRZE (KEJLK)

tmax

Wi R MEPT #ibE MRz gt i)

300
600
1200
2400
6000

0.116714  0.883286
0.241807  0.758193
0.389579  0.610421
0.581766  0.418234
0.850786  0.149214

19.294
73.099
203.559
540.034
1583.479

-99.359%
-97.572%
-93.240%
-82.066%
-47.414%

% 5: MFPT B KBTS, #iMe Rkl .

5.6 #1iEH) Luca FREH (LF1)

MalE Luca Ty 2 LA AR IRBECER, FRATHGIE 17— MRS RG] (B local-bias 1) FF

S E T i

N =41

. np = 1679,  tmax = 12000,

AW 80

max ?

Mpairs =2.



5 FEMER

ik BT (s)
Luca/Giuggioli Hfal#Er (Method C) 0.0198
7 (MFPT /splitting) 0.0477
Sparse exact ¥ 0.1754
Dense recursion (Q) 1.6187
451 AW /Cauchy (Method CO) 22.8746

7 6: LF1 A5 22l Luca JT¥AMEIZSRUX ) ek

LF1: single-defect Luca-fast setup (detailed config)

start ml

m2

local bias cells

sticky cells

bias+sticky

local bias arrows
- reflecting barrier
== = permeable barrier
= |ong-range shortcut

B start

le
@ m2

K 1: LF1 i 5" (5E H3% external detailed config #H[H 2 & XA ) o
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C1 runtime comparison

25 4

204

15 A

10 A

Wall-clock seconds

1.68s

0.02s 0.05s 0.17s
T T T

Luca defect Linea’ sparse pense Full AW

K 2: LF1 izf 7t Rt it o

LF1 BRI A2 B 4E /N (M = 2) {15 Method C HYBRFE KR L-P-ABAL R BOIAE ,
i1 full AW 5 dense H$Zf5 a5 ACFEAAULMEAEAZ L

6 BT

C1: FPT comparison (two-target total)

0.0008 A .
= Sparse exact recursion

—=- Dense recursion (Q)
0.0007 A —-= AW/Cauchy inversion
----- AW defect-reduced (Giuggioli)

0.0006 -

0.0005 A

0.0004 -

FPT pmf

0.0003 A
0.0002 A

0.0001 A

0.0000 A J

0 100 200 300 400 500 600 700 800
t

K 3: FPT #h£kZM: Sparse / Dense / Luca-defect / Full AW (fE[F% JLFES) o
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C1 runtime comparison

60

Wall-clock seconds
w
o
1

10 A

0 0.06s 0.09s 0.02s
T T T

e recursion AN ioversio? AW gefect ineal MEPT

xact
gparse © U

pens
& 4 B TSR L

7 HR5EW
L BREEBME: (56 sparse exact (Pro HHE BE) .
2. Efafit MFPT/splitting: (f5etit ik, REAMABBRAIL
3. Method C (Luca) : ¥UHURSHT H AR R : {HAEA C1 defect AL FHEEAR fi k-

4. BMTHRIESHT: F5EH Full AW (Method C0) {EEER: 24 M < np HSEHUIFRYAT#E0T, 11
4% Method C,

g;m

cd reports/grid2d_two_target_double_peak

.venv/bin/python code/compare_numeric_methods.py
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